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Predicting Networks
via Bayesian Integration

Problem Motivation



RNA polymerase Il: Structure

Which subunits interact?  Compare with Gold Std. Structure
Based on Binding

experiments
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Source: Edwards et al., 2002, 7rends in Genetics

Source: Cramer et al., 2000, Science, 288:632-633



Binding Experiments on Subunit Pairs

Subunits
Subunits

Pull-down 1
Pull-down 2
Pull-down 3
Cross-linking
Far Western 1
Far Western 2
Far Western 3

11111111122222222333333335

2 356891011123 56 8 91011125 6 8 9101112 6

1 1 1010010
11111 0111110 111 11 1
11 11 100 0000
11 111 11 111 00 0100

Interaction experiments
before structure was known

55556

9101112 8

000
00O00O

6 6 6 6 888 8 9 9 9101012

9 101112 9 1011121011 12111112

000 000 000



Gold-Standard Positives

Subunits 111111111222222223333333555555666668888 99 9101012

Subunits 2356891011123 56 8 91011125 6 8 9101112 6 8 9 101112 8 9 101112 9 101112101112 1111 12

Gold-Standard Positive (GSTD+): 13
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Gold-Standard Negatives

Subunits 1111111112222222233333335555556666868888 99 9101012

Subunits 2356891011123 5 6 8 91011125 6 8 9101112 6 8 9 101112 8 9 101112 9 101112101112 1111 12

Gold-Standard Negative (GSTD-): 32
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RNA Polymerase |l: Gold-Standards

Subunits 111111111222222223333838383555555666668888 099 9101012

Subunits 2356891011123 56 8 91011125 6 8 9101112 6 8 9 101112 8 9 101112 9 1011121011 121111 12

Gold-Standard Positive (GSTD+): 13
Gold-Standard Negative (GSTD-): 32

s f@é\
LX)

-
AL /v
& e/ °




Assess Quality and Coverage of PPints

Subunits
Subunits

Pull-down 1
Pull-down 2
Pull-down 3
Cross-linking
Far Western 1
Far Western 2
Far Western 3

B csmo-
GSTD-

True
False

1111111112222 2222333333355555526216%62616 88889 9 9101012

2 3568 91011123 56 8 91011125 6 8 9 101112 6 8 9 101112 8 9 101112 9 1011121011 12111112

T T
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Re-drawn In a different color scheme

SUbunitA 11111111 1222222 2233333335555 25516%66 6 6 8 8 8 8 9 9 9101011

SUbunltB 2 3568 91011123 56 8 91011125 6 8 9 101112 6 8 9 101112 8 9 10 11 12 9 10 11 12 10 11 12 11 12 12

structural contact  [1oERR o f oo o o[l o [0 o
1 1

Far western
Cross-linking 11111011111
Far western
Pull-down
Pull-down
Pull-down
Far western

0000000O0OO0OOOOOOOOOOOODO

B -=false
B =true



Data integration: RNA polymerase ||

SUbunitA 11111111 1222222 2233333335555 H5 516166 6 6 8 8 8 8 9 9 9101011

=
SUbunltB 2 3568 91011123 56 8 91011125 6 8 9101112 6 8 9 10 1112 8 9 10 11 12 9 10 11 12 10 11 12 11 12 12

structural contact 00000000000000 0000O0OO0OO0OOO0OOOOOOOODO
1 1

Far western
Cross-linking 11011101 1111
Far western
Pull-down 111010 1
Pull-down 111101
Pull-down

Far western

Un|0n f1111101/2121110/21/2111/012101101001000001/0000000O0




Data integration: RNA polymerase ||

SUbunitA 11111111 1222222 2233333335555 H5 516166 6 6 8 8 8 8 9 9 9101011

=
SUbunltB 2 3568 91011123 56 8 91011125 6 8 9101112 6 8 9 10 1112 8 9 10 11 12 9 10 11 12 10 11 12 11 12 12

structural contact 0000 0 °°°

Far western

000000O0O0OOOCOOOOOOOOOO

Cross-linking

Far western

Pull-down 1120101
Pull-down 111101
Pull-down

Far western

Majority 11111010 141010/2011 10010000000000000000000

Intersect|0n 11101000111000/1 011 0000000O0OOOOODOOOOOOOOOOO

Un|0n 1111101/1111110/11/11 10110100100000100000000




Data integration: RNA polymerase ||

Subunit A
Subunit B

structural contact

Far western
Cross-linking
Far western
Pull-down
Pull-down
Pull-down
Far western

(Cross validate)

Combined (Bayesian)

1111111

1122222

2 3568 91011123 5 6 8 9

1110101

1111101

0111100

Majority

1111101

Intersection

1110100

Union

1111101

0 1111 0000000
1 1

111000

111{010

1111000

111110

2 2 233333335555 55 666 6 6 8 8 8 8 9 9 9 101011

10 1112 5 6 8 9 101112 6 8 9 10 11 12 8 9 10 11 12 9 10 11 12 10 11 12 11 12 12

000000O0O0OOOCOOOOOOOOOO

Integrate using naive Bayes classifier

101000001 00000000000000O0OO00OO0OO0OO0OO0OGO

1011000010010000000000000000000

1011000000000000000000000000O000O0

111111011011/001{/00100000100000000O0




Weighted Voting: the Likelihood

Ratio
structural contact o IR o o [0 o o8 o [

Far western
Far western (dup)

Cross-linking 01121100
Far western 5
Pull-down 120101 0pM1101010
Pull-down 111101 01101010
Pull-down

Far western

Comblned 011211000111000101(0! 00200000

Maj.Vote: O =roundag(0O+0+0+1+1+0+0)
With weights: likelihood ratio L = L; + L, + L5 ...

13



Predicting Networks
via Bayesian Integration

Formalism



Similar form to many SuperVISed

SVC, LoA logitc Classification by
(see ISLR for ] .
comparison) Weighted Voting

Simple Vote: R=f +f,+f;+..+f, Wit f=10r-1

f R>0: [ Interact
|
R<0; ~ I Nointeraction

Modify with feature weight:
R=wf +w,f,+w,fi+.+wf =w-f

If has prior knowledge w,

R=w-f+w,

15



Bayes Rule

P(X|Y)P(Y)
P(X)

P(Y|X) =

Which is shorthand for:

P(X =a,;|Y = y;)P(Y =y,

[From Mitchell, Machine Learning]
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More Bayes Rule = log LA=1ID

P(f =1I~1)
1o TP P
P(Ilfij‘:zf;, ) P(fifé‘fé |1)P(I) _lgFP/N
P(f,, fys fsee) .
w, = log—
Assume _P(/HIDPLITDP(fT..P(T) N
iIndependent B

(Naive Bayes)

P(fi> 125155+

P~11f,1,f5..)= P ST
_ P(f, I~ DP(f, I~ DP(f; 1~ I)..P(~1)
P(fi: 125 S550)
toa( LA isfos oo )_1 oo PULID PUID PULID  PU)
P11 ok P(f, I~ 1) P(f, I~ 1) P(f, 1~ 1) " P(~ I)
TPR, TPR, TPR, P
= log L +log ~ +log + ..+ log—

P(f,,fyofss DP(~ 1)

FPR, FPR, FPR, N

17



Updating our prior odds (w,) by

Update form successively adding
i likelihood ratio terms (wq,W,,Ws)

of BayeS Rule for each feature to get a final
posterior odds

P(I| 1PR TPR TPR P

log( CAW/EVEY D )= log Lt+log—=+log——+ ..+ log—
P(~11f,f o) FPR  °FPR,  ° FPR, N

W 4] W Wo

This simple additive update form supposedly,

secretly invented by A Turing during WWII
[Spiegelhalter & Brooks, The Art of Uncertainty (‘25)]
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* We have so far estimated P(X=x | Y=y) by the fraction n,,/n,,
where n, is the number of instances for which Y=y
and n,, is the number of these for which X=x

* This is a problem when n, is small

¢ E.g., assume P(X=x | Y=y)=0.05 and the training set is s.t. that n,=5.
Then it is highly probable that n,,=0

¢ The fraction is thus an underestimate of the actual probability
¢ It will dominate the Bayes classifier for all new queries with X=x

# count with feature i in GS+  TPR,

# count with feature iin GS-  FPR,

Estimating

Dummy
Nyy TMP «<—
+ Replace n,,/n, by: counts— Probabilities
ny + M &
* Where p is our prior estimate of the probability .
we wish to determine and m is a constant Dummy

¢ Typically, p = 1/k (where k is the number of possible values of X) Cou nts

¢ m acts as a weight
(similar to adding m virtual instances distributed according to p)

19



Predicting Networks
via Bayesian Integration

Worked Example
(for reference)



Likelihood Ratios

SUbUﬂItS 1111111112222 2222333333355555526216%62616 88889 9 9101012
SUbunltS 2 3568 91011123 56 8 91011125 6 8 9 101112 6 8 9 101112 8 9 101112 9 1011121011 12111112

Pull-down 1 B-E-EE BB B Bl Gl BEE [9E 9

~ p(x |GSTD+)

L= p(x |GSTD-)

p(X%, |GSTD +)
p(x, |GSTD-)

L, =

Likelihood Ratio
for Feature f:

. L p(x; |GSTD +)
oD, f p(x, |GSTD-)

True
False

21



Calculating Likelihood Ratios

SUbunltS 1111111112222 2222333333355555526216%62616 88889 9 9101012
SUbunltS 2 3568 91011123 56 8 91011125 6 8 9 101112 6 8 9 101112 8 9 101112 9 1011121011 12111112

Pull-down 1 - l l - -

_ p(x|GSTD+) 6/13
p(x |GSTD-)

L,

p(% |GSTD+)  4/13
p(x |GSTD-)

L, =

B csmo-
GSTD-

True
False
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Calculating Likelihood Ratios

SUbunltS 1111111112222 2222333333355555526216%62616 88889 9 9101012
SUbunltS 2 3568 91011123 56 8 91011125 6 8 9 101112 6 8 9 101112 8 9 101112 9 1011121011 12111112

Pull-down 1 B-E-EE BB B Bl Gl BEE [9E 9

_ p(x|GSTD+)  6/13
p(x|GSTD-)  11/32

L, =1.34

_p(xlGsTD+) _ 4/13
p(,I08T0) 14732 10

B csmo-
GSTD-

True
False

23



- Calculating Likelihood Ratios

Subunits
Subunits

Pull-down 1
Pull-down 2
Pull-down 3
Cross-linking
Far Western 1
Far Western 2
Far Western 3

Pull-down 1
Pull-down 2
Pull-down 3
Cross-linking
Far Western 1
Far Western 2
Far Western 3

B csmo-
GSTD-

True
False

1111111112222 2222333333355555526216%62616 88889 9 9101012

2 3568 91011123 56 8 91011125 6 8 9 101112 6 8 9 101112 8 9 101112 9 1011121011 12111112

T T

L1 = (6/13) / (11/32) =1.34
L1 =(7/13)/(9/32) =1.91
L1=(2/13)/ (3/32) =1.64
L1 = (10/13) / (7/32) =3.52

L1 =(2/13)/ (4/32) =1.23
L1 =(6/13)/ (5/32) =2.95
L1 =(1/13) / (1/32) =2.46

LO = (4/13) / (14/32) =0.70
LO = (2/13) / (16/32) =0.31
L0 = (2/13) / (2/32) =2.46
LO=(0/13)/(3/32) =0

L0 = (3/13)/ (6/32) =1.23
LO = (2/13) / (17/32) =0.29
L0 = (2/13) / (2/32) =2.46

24



< Data Integration: ROC-Curve

SUbunItS 1111111112222 2222333333355555526216%62616 88889 9 9101012

SUbunltS 2 3568 91011123 56 8 91011125 6 8 9 101112 6 8 9 101112 8 9 101112 9 1011121011 12111112

Pull-down 1 - . . I
Pull-down 2

Pull-down 3

Cross-linking

Far Western 1

Far Western 2 - - -

Far Western 3

Combined (Bayes)

W csmo- “Weighted Voting”

GSTD-

True
False

B Lectures.gersteinlab.org



= Data Integration: ROC Curve

SUbur"tS 1111111112222 222233333335555505U566666 88889 9 9101012
Subun”:s 2 356 8 91011123 5 6 8 91011125 6 8 9 1011126 8 9101112 8 9 101112 9 1011121011 12111112
NAN~-OON IN<TAN = LN NOINTNANOMINEAN ON NHOOUOUANNOVOAANNOUOOANAN O
I-nuf'_iﬂi‘o'NcNdw"_iNQNdewammmHMQNGOMNNOONNHONNNQONN
M- NO AN v = = N oANANrWwINMOW™ANO 000000000000 O0O (===
Combined (Bayes) 1 11110001110001011000110000000000000000000000
Majority
Intersection
Union
A
1.0 ] o
2 o8]
2 o)
=
(0]
S os ®
¢ ”7 O Bayesian Integration
Il @ Majority
a o O Intersection =
o 04 O Union ©
= 3
Il <
B csmo+ & ) s
= 0.2 %
GSTD- o)
True ROC Curves of RNA Polymerase II @
S
False G | | | | | > ©
0.2 0.4 0.6 0.8 1.0 g
FPR=FP/N=1-Specificity 26



Predicting Networks
via Bayesian Integration

Feature Correlation



Correlations between similar features

structural contact oooo 0 ooo 00 oo 000

Far western 00 olo1]fo
Far western (dup) 000010

Cross-lin INng 1111101 1/2110

Far western I

Pull-down 110101 0110101011101 11101
Pull-down 111101 0p@1101010 111011I0101

Pull-down 1l0l1l00/1 0
Far western

Combined 01111000 111100010100000 100000

28



GS
F1
F2
F3
F4
F5
F6

P O O O K kL B

Feature
Correlation

and Fully
Connected
Bayes

o r B O O O O

P O O B O O O
P, O O O kB Rk P

W, s = log

O P P P O O B
©O O O O O O Bk

P(f,=1,f,=1I11)

P(f,=1fs=1l~1)

29



Predicting Networks
via Bayesian Integration

SEVESIERRN I



Bayesian network is a model that represent the relationship between variables

A Bayesian network is a directed acyclic graph (DAG) that spec-
ifies a joint distribution over X as a product of local conditional

distributions, one for each node:

def -
P(Xl = L1y .- ,Xn — xn) é Hp(xz ‘ IParents(i))

=1

2

4

M\x /,© P(A,B,C,D,E,F) =P(F|C,D,E)P(A,B,C,D,E)

@ @ \ = P(F| C,D,E)P(C| A,E)P(D|B)P(E|B)P(B,A)

= P(F| C,D,E)P(C| A,E)P(D|B)P(E|B)P(B| A)P(A)
®

/

31



With the network structure (local conditional probabilities), the model
describes the joint probability in a more compact manner

Earthquake

Number of parameters (assuming all variables are binary):

Chain rule:

P(B,E,A,],M) = P(B)P(E|B)P(A|B,E)P(J|B, E, A)P(M|B,E, A,])
1 2 4 8 16

BN:

P(B,E,A,J,M) = P(B)P(E)P(A|B,E)P(J|IA)P(M]A)
1 1 4 2 2

32



Nalve Bayes

P(A,B,C)=P(C|AJP(B|A)P(A)




RPL37A
csT3 RPS7
RPS6
RPL37
RPS3A
GP1BB RPSS RPLS TFPI TUBA1B  TMSB4X  TMEM14C
RPLI3 @ ‘
RPL34 @
4xRPS14 s AC016074.2 STMN1 ACTB  TMEM14B
ERP29 @@ .
7 MTNFDZ RPL26 @ ReLarA
& cia RPS17 PPDPF RV3 -
PCK?S HM’TZ @ i Ps ERV3-1
m proces RPL13A
RPS24 zno
€59 mcpu @ . a3 RPL3S MDK  GABPB1-AS1
O Ribosome

TIMPL ANm

RPLI9 O
IGFBPMAP1B
O TRIB3 -
TMsB10 SH3ECKF00a13 O TPT1 s OPS PL23A N MTRNR2L12
CLCAL O . PNRC1 CCPG ®19 . .
0 O AIFL ‘ O O MTRNR2LS.
. 1TM28 MT-ND2 a4t '
i y RRS1E Mitochondria sl
RHAG TS = FCERIG MT-! Nm
’ Q EIFS MT-CO1  MT-CO2 MT-ND3 WFT_ND5S
PLOD2 MT—cos .
TCEAL MIA “’5 MT- cvu
TXNIP O s
Myeloid leukocyte e 7
: LAT1
activation Coe3 Chaperone 28 ENO1
e o

SNHG12 SNoRNA / MAQNF SDF2LL YBX1  sergp)
g . — O _— gm. . RNA processing *H . .
H2AFZ

¢ s &

HMGB 1GFL2-AS1
PTMA D Arg CAR
PSAP APOE APOC1 FAM1788 O
‘ O 0 QO
COXSB
GAPDH
=’ NFKBIA 6 onud=d 656 O HEMGN SNHGA
HIST1H28H
Autolysosome / . O ey Wy O HIST3H2A
Gyps HBG1
extracellular exosome w3y s MRPLSMRPS18C Q O HISTIHAH SNHG3
. . AL S 1C25A37 HBG2 ms‘.“"f«snnm SNHG19
GYPE O DAlr ZNF595
BTG2

HBz
. O HBA1 HISTIH2AC
NEAT1 CrsL O .

ACOMGB7,). TUBALIA

PPP1R10 ‘
. Secretory granule / Hemaglobin Histone
response to external stimulus

Bayesian Network

e g o
)
® @g@@ o000
e o 00
@] @%@ @O
o0 o LA 2 J
) o0 © o) oo 0
) ® ) oPC
) ) ®0. °
°°o:° O Qooghe © 'Y ad
Q... n @ ..“o ) ..
) ‘Q..... ......
(] 0.03.
o> (u] ) 4% ®o o
) ° (X e
°%e O ° % o
o o °
:. .. ODD o UOO o
(X e OO0 o%o - °
[} Q. < )
° oo et o...o..
.0 O=¢ ®
R ®
°
°
®
e
°®
®oe
)
o.c.o..

Co-expression +
uninformative genes
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Module4

o

Module5

Relatively independent gene
modules, after fixing the
“connector’ genes

(“Markov Blanket”)
Module3
CCPG1 TPT1
EEF1A1
Module2
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odule \\_ E?
O 3
[1h]
S |J

00 01 02 03 04 05 06 07 0.8

Correlation



References

James, Gareth, Witten, Daniela, Hastie, Trevor, Tibshirani, Robert

An Introduction to Statistical Learning: with Applicationsin R

[ ISLR (2" edition) ]
https://www.amazon.com/Introduction-Statistical-Learning-Applications-
Statistics/dp/1071614177/ + https://www.statlearning.com

(Chapter 4.4.4 and 4.7.5 gives background on Naive Bayes.)

Edwards et al. (2002). Trends in Genetics, 18(10), 529-536.

Bridging structural biology and genomics: assessing protein interaction data with
known complexes.

https://doi.org/10.1016/s0168-9525(02)02763-4

(Relates to the worked example.)
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